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LECTURER/STUDENTS OBJECTIVES

™= Present a method of solution of statically indeterminate structures that
assumes as unknowns displacements or rotations.

%" Understand the method. Apply the method to structures with one unknown
kinematic parameter.
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INTRODUCTION
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- Statically indeterminate structures are structures whose reactions cannot be
determined using only equations of equilibrium; analysis of such structures
requires, in addition to equilibrium, consideration of compatibility of
displacements, and therefore of the relative stiffness of structural elements

« Such structures are also described as redundant, in that they contain
elements, or constraints, beyond what is required for equilibrium
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DISPLACEMENT (OR STIFFNESS) MEHOD
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Procedure

- Certain displacements called kinematic parameters are chosen as unknown.
When these parameters are calculated, the solution in terms of internal
forces and deformation follows

* Itis possible to find infinite compatible solutions but only one assuring the
equilibrium of the structure
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NODES AND KINEMATIC UNKNOWNS

A number of nodes are to be chosen; their displacements are the unknowns of
the problem (kinematic unknowns)

Loadings on nodes

The nodes are loaded by external forces and couples and by forces and
couples from beams connected to the same nodes; their equilibrium allows to
obtain the unknown displacements
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EXAMPLE — BEAM UNDER AXIAL LOADING (1/3)

The beam is statically indeterminate g c ¢ Bg

—

with respect to axial forces; all W F
displacements will be parallel to the d ¢ Ld
longitudinal axis Hy A c  Hea=EAwc/d
The external force is applied at point C, *rc_’ B Hg
for this reason, such point is chosen as Heg=EAw/(L-d) éé
node and its displacement as main C_>F
parameter HCA<— - <—HCB

Equilibrium

Is written with respect to the undeformed configuration; for small
displacements and deformation C is closed to C'

.
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EXAMPLE — BEAM UNDER AXIAL LOADING (2I3)

Recalling the relationship between axial force and elongation (or shortening) for
a beam in tension (or in compression) applied to AC and CB:

Hea EA
Wcca = d=——d = Hcp = —Ww
C.CA = &z,.CA EA CA d C.CA
Hes EA
Wcep = € L-—d)=—(L—d) = Heg = w
c.cB = €2,8 ( ) EA( ) 8= gWece
where w¢ cq = W cg = W, the equilibrium for node C gives:
Hca +F —Heg = 0. i.e EAW +F E Wec =0
CA e =0. le. g e [ —ghe=

that make possible to obtain w:
_ FdL-d)
CEA L
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EXAMPLE — BEAM UNDER AXIAL LOADING (3/3)

The normal force is given by:

I —%w B <§> (id(L—d)) _FL—d
O N AN L
Ner — —Hep — — 2 W _(i)<iu)_pﬂ
T —d T \l—d/ \EeA L L
The AC portion is subjected to tension while BC to compression.
A
CO—} B
N\ F /N
d L-d
F(L-d)/L
i N
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EXAMPLE — SHEAR-TYPE FRAME (1/5)

T, M, T, M T3 <« Ms
N, N, YN
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EXAMPLE — SHEAR-TYPE FRAME (2I5)

The horizontal beam is assumed to be undeformable (infinitely rigid E¢lxt — oo
and E:A; — oo). The columns are considered infinitely rigid with respect to axial
deformation (E:A; — oo). The only kinematic parameter is the horizontal
displacement u (node of the structure).

The equilibrium for the horizontal beam is:

3
—ZT,+F:O g —K1U1—K2U2—K3U3+F:O
i=1
where K;, K> and K; represent the bending stiffnesses of three columns with
respect to the horizontal displacement (see tables at the end):
Eqlxq E3lx3
Ki=12——, Ky=0, K3=3—"7("
h h3
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EXAMPLE — SHEAR-TYPE FRAME (3/5)

Observing that u = u, = u, = us, it is obtained:
F
u= ————
K1+ Kz + K3

and:
K
Tn=Ku=—"F
Ky 4+ Kz + K3
K>
L=Ku=—F=0
Ki + K> + K3
K3
T3=Ku=——"—F
Ki+ Ky + Ks

It can be seen that F is distributed in proportion to the stiffnesses K3, K> and K;
of the columns.
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EXAMPLE — SHEAR-TYPE FRAME (4/5)

If follows that:
F
E1’X1 + 3E3IX3
E‘I’X1
Exlxa 1255
Ti =12 h3 = E ] A F
1 x1 3 X3
1 + 332
T, =0
E3’)(3
. Esh , _ 37h
3 hg o E1Ix1 +3E3IX3
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EXAMPLE — FIXED-ENDS FRAME (1/5)
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EXAMPLE — FIXED-ENDS FRAME (2I5)

The beams are assumed to be undeformable, i.e., infinitely rigid with respect to

axial deformation (E:A; — oo). The axial deformation is thus neglected. The only
kinematic parameter is the rotation of node B: ¢ = wngA) = <prBC) = wgBE) = (p,(gBD).
Moment equilibrium of the node gives:
L
ZM,-—mzo = Kip+Kp+Kp+Kp—m=0
i=1

where K1, K2 and K3 are the bending stiffnesses of four beams with respect to the rotation of one
end (see tables at the end):

Elx Elx Elx Elx Elx
Ki=3—, Ka=3—, K3=3—, K,=4—=2—
1=3 L 2=3 ] 3=3 L 4 42L L
It can be obtained:
m
(p =
Ki+ Ky + K3 + K,
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EXAMPLE — FIXED-ENDS FRAME (3/5)

and:
K
My = MPY — K = ! m
Ki+ Kz + K3 + K,
K
My = MPD) — K, 0 = 2 m
Ki+ Ky + K3+ K,
K
My =MED) — 5 = 3 m
Ki+4+ Ky 4+ K3 + K,
K,

M, = MPE — K, = m
¢ B “® Ki+ Ka + K3 + K,

Couple m is distributed in proportion to the stiffnesses K, K,, K3 and K, of the
beams.
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EXAMPLE — FIXED-ENDS FRAME (4/5)

By substituting:

1

Bo) 3

My = MP) = 2
11

BD B

My = MED) — =
1

BE) _ 2

M, =mP = =
1
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EXAMPLE — FIXED-ENDS FRAME

z
3/11m/L
L 3/11m 1
3 A 3/115 >/ 52/11m LD
4 E B 3/22m/L
L 3/11m/L @?3‘7;1
A < 3/22miL
2L Dle—
3/22m/L
3/11
I
3/11 2/11
3/11 3/22 3/11
3/11 3/11 L 3/22
T/(m/L) M/m N/(m/L)

A0
ERAMCA
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COMPARISON BETWEEN FORCE AND
DISPLACEMENT METHOD
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FORCE AND DISPLACEMENT METHOD (1/2)

Force (flexibility) method Displacement (stiffness) method
« Choice of a statically « Choice of a geometrical determinate
determinate structure by structure adding constraints to obtain
elimination of redundant displacements equla to zero for all
reactions nodes
« The statically determinate « The geometrical determinate structure
structure is equilibrated but not is compatible but not equilibrated; to
compatible with supports (the obtain nodes with zero displacements it
displacements of supports are is necessary to apply forces and
generally equal to zero) couples different from real ones
eramea e I e — e ontage Assets n Gentral Aia 18



FORCE AND DISPLACEMENT METHOD (2/2)

Force (flexibility)
method Displacement (stiffness) method
« It is possible to obtain a compatible « The system can be equilibrated by
system by applying forces and imposing displacements and
couples X; to the nodes rotations Y; to the nodes
« Forces and couples X; are obtained « Displacements and rotations Y; are
by imposing that displacements determined by imposing that forces
and rotations are compatible with an couples are equilibrated
supports
E\JR M?Z N o . . | ] E = = Environmental Risk Assessment and Mitigation on Cultural 19
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EXAMPLE — FIXED-SIMPLY SUPPORTED BEAM (1/5)

The beam represented below is examined.

qiilHHHHH

Force (flexibility)

method

The statically determinate system is
obtained by eliminating the support at

Displacement (stiffness) method

The system with displacements equal to
zero is obtained by replacing the roller
at B with fixed-end support.
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EXAMPLE — FIXED-SIMPLY SUPPORTED BEAM (2/5)

Force (flexibility) method

‘WHHHHHHJ

Statically determined scheme

VB=0

QPUHHHHHQ

— x}

Force VB is calculated so that displacement at B is the
actual one (i.e., vg = o):

ve =vi¥ vl —o

AU XA ot
ER/AMCA ot

S e

Displacement (stiffness) method

QMHHHH}%

Fixed end scheme

moment

qwuuvt%

Rotation at B ¢g = Y'is calculated so that the
moment at B is the actual one (i.e., Mg = 0):

Mg =MD L M — o
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EXAMPLE — FIXED-SIMPLY SUPPORTED BEAM

Force (flexibility) method
The displacements of the right-end of
the cantilever are well known (from

Displacement (stiffness) method
From the summary at the end it is
possible to find M,(Bq) — —9% and

deflection curve). It is v(q) ;‘E and M) _ 4y <o thars
X) _ _1X ¢4 that: g = T Y sothat
VB = —3%, SO at:
_ mu@ ) _
@ , X _ Mg = Mg" + Mg~ =
vg = vy + vy B
1qL4  1XL3 _8E L o
- . =0 = 12 L
8 Ely 3 Ely 1 qL3
3 V=g = ———
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EXAMPLE — FIXED-SIMPLY SUPPORTED BEAM (4/5)

The internal forces are obtained by superposition

Force (flexibility) method Displacement (stiffness) method
Va=VP v —qL —x= Va =V + v =
3 5 1 6EIX) ( 1 qL3> 5
L—3gL=2qL T ( aaly _ 5.,
9= = 3% =359 AT ATy gd
Vs =V + V) =0+ X = Ve = Vi + v =
3 3 1 6EI 1 qL3 3
0+ qL=qL Tl (7 X)<—7>:7L
8 ? AT AT Y gd
Ma = M/(Aq) +M§\X) = 5qu — XL = M, = Mi\q) —|—M/(4Y) —
1 3 1 1 2EI, 1 qL3 1
o+ () (322) - o
24 g g? 23U 48 Ely g1
E\J 'mﬂ 5,7:55:'55%22“ . . || E N S— Environmenta:_{l:’:;l;;es:is;rpszai:l é::t?giltiAg:igon on Cultural 3



EXAMPLE — FIXED-SIMPLY SUPPORTED BEAM (5/5)

3/8L
5/8qL \ T
- [ 3/8qL
1/8qL? \ M
~— 19/128qL?
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