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LECTURER/STUDENTS OBJECTIVES

= Present the mathematical instrument necessary to evaluate the influence of
the cross section on the stress and deformation of beams.

% Learn the procedures necessary to the calculation of the geometrical
properties of plane areas (centroid, first and second moments, principal
axes). Apply the procedure to plane areas composed by elementary figures.
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INTRODUCTION
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INTRODUCTION

The geometry of plane areas is examined to derive some properties useful for
the calculation of deflection and stresses in beams

In the theory of beams...

... the stiffnesses EA (axial) and EI = EIx (flexural) are required: the term A
represents the area of the cross-section and | = Ix the moment of inertia with
respect to a principal centroidal axis (named I¢ in the following)
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CENTROID, FIRST AND SECOND MOMENTS
OF AREA
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FIRST MOMENTS OF AREA AND CENTROID G

The first moments of area Sx and Sy are

calculated as:
A / ” Yy Ye
A
p X
A
while the centroid G as: A
0] X
Sy [yxdA -Q
XG = =% =5 == ———,
A A
Vo — i - fA ydA
" A A
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FIRST MOMENTS OF THE AREA AND CENTROID G

+ The centroid is the point of an area to the respect of which both first moments of area are null.
« The first moments of the area are null for any pair of centroidal axes
« The first moments may be positive, negative or null; the area A is always positive
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SECOND MOMENTS OF THE AREA

The second moments of the
area or moments of inertia are P at middle pat middle

o= [ v - s
A

R =g
A

(a) Less Deflection (b) More Deflection
(h> b) (h>b)

* Ix and lyy are always greater than zero
* Iy (mixed moment of inertia) can be positive, negative or null
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PARALLEL-AXIS THEOREMS
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PARALLEL-AXIS THEOREMS

The moment of inertia of an area with

respect to a given axis is given by: Yo y
Ixx = Ixexg + Ayo® e \/h X
Iyy = IyGyG +AX02 yol / G Y ‘ XG
IXy = IXGYG + AXoyo %
(Formulae by Huygens) / A
Xo

The moments of inertia Ix,x, and lyy,...
...are the smallest within all the possible pairs of axes parallels to the original

ones
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PRINCIPAL AXES
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PRINCIPAL AXES

It is possible to find a pair of axes into which I¢gy = o (principal axes), that are rotated of about 9 (positive if
anti-clockwise) with respect to the centroidal axes

Yy YG
n

YG
A
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PRINCIPAL AXES (2/3)

- Orientation of the principal axes (¢, 1)

1 21
% = — arctan el

IyGyG - IXGXG

+ Moments of inertia with respect to the principal axes (Ig,I):

1 1
le, In = E(IXGXG + IYGyG) + 5\/(’)’6)/6 — Ixexg)? + b Ixgys?

choosing I¢, I, in such a way that:

° IE > IT) if ’XGXG > Iyeye
° IE < ’n if IXGXG < IYGYG

. . | ] TN S— Envir Risk and Mitigation on Cultural
[ — Heritage Assets in Central Asia 9



PRINCIPAL AXES (3/3)

M If IXGXG = IyGyG it iSZ

v
Y = +Z and I& = IXGXG - IXGYG' I"I = IXGXG + IXGyG

Note
+ In the principal axes I¢p, = 0
+ I¢ and I, are always greater than zero

« Axes both centroidal and principal: central
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SIMPLE SECTIONS
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RECTANGULAR CROSS-SECTION (1/2)

A_/AdA_/gb/;hdxdy_bh 2 V4 yG=n/_ Ad dy
5x=/AydA=/O /0 yedxdy = + 20 REE

2 X y
b rh h b2
Sy:/di://xdxdy=+— h
A o Jo 2

)

2
S+ b X
Xg=— = = +—-
bh 2 b

bh?

St +h

o= 4~ bh T 2

&l MQ: a E{ﬁ:’:ﬁ;'}g . . | ] E TN S— Envir Risk and Mitigation on Cultural

Heritage Assets in Central Asia 1"



RECTANGULAR CROSS-SECTION (2/2)

b h 3
Ixx = /ysz = / / yzdxdy = ﬂ
A o Jo 3
b h 3
lyy = /xsz :/ / x*dxdy = hb
A o Jo 3

b rh b2 h?
Ixy = /xydA = / / xydxdy = +
A o Jo 4

bh3 h\2  bh3

b = o — AYe" = - — (bh) (+;> -2
hb3 b\?  hb3
’ysyc:’yy—AX62:T—(bh)<+2> =

b2 h? b h
Ixeys = Ixy —AXeYe = + N (bh) <+5) (-l—;) =0

The rectangular cross-section is doubly symmetrical
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COMPOSITE AREAS
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PRINCIPAL AXES FOR COMPOSITE AREAS (1 / 3)

y

»
n:
O \ i-th area X
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PRINCIPAL AXES FOR COMPOSITE AREAS (2I3)

- Divide the area in n simple shapes (which geometrical properties are known,
from tables)

« Compute the total area (summing the n elementary areas)

« Compute the total first moments (summing the first moments of the n
elementary areas, keeping in mind the signs) with respect to an arbitrary set
of axes (x, y)

« Determine the position of the centroid
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PRINCIPAL AXES FOR COMPOSITE AREAS (3/ 3)

- Compute the total moments of inertia (summing the moments of inertia of
the n elementary areas) remembering that:

« the parallel-axis theorem has to be used in order to refer all the moments of
inertia to the global centroidal axes (xg,Ys); in tables the m.o.i. are related to
the local centroids of the elementary areas (xg,,¥s,)

+ the mixed inertia moment of the i-th area depends on the direction of the
axes. It is thus necessary to control the directions of the local axes xg,ys, with
respect to the global ones xg,y5

« Compute the orientation of the principal axes (9) and the moments of
inertia related to the principal axes (I¢ e I,)
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PARTICULAR SYMMETRIES

Ye=N  Axial Ye
symmetry

Polar
symmetry

Xg=§

« Axial symmetry: the centroid is on the symmetry axis and one of the
principal axes coincides with the symmetry axis. The other one is
perpendicular

 Polar symmetry the centroid G c0|nC|des with the center of the area C
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BE CAREFUL...

- e T

n
—

Principal axes (qualitative)

« Some simple shapes may result misleading...
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EXAMPLES
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SOLVED EXAMPLE

<

Yo

| ~§

"G

=
S —
D

X

Pi

(©)

f—2a—++—a—

No. Al Xg, Y6, s), Si X6 —Xs;, Y6 —VYs  (X6—Xg)x Ixxe lyeys Ixeys

(Aixs)  (Alyg) (V6 —¥s)  local Transfer  Local Transfer  Local Transfer
1 6.00002 1.500a 1.000a 9.000a@ 6.000a® +0.053@  +0.239a  0.013a> 2.0000% 0.3430% 4.500a@% 0.017a* 0.000a* 0.076a%
2 1.50002 2.000a 2.333@ 3.000@® 3.500a® —0.447a  —1.094a  0.489a? 0.083a* 1795a* 0.750@* 0.300a@% +0.125a* 0.7340*
3 0.785a°> 2.000a 1.500a 1.570@3® 1.178a® —0.447a —0.261a o.117a® 0.049a% 0.053a@* 0.049a* 0:157a* 0.000a* 0.092a*
Tot. 67150 - = 10.4300° 832303 - = = 2.0340% 2.085a* 5201 0.160a* 042504  0.718a*
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SOLVED EXAMPLE

= Sy _ SiaSy X4 A'Xs,  10.43003

P = — = = +1.553a
A LA A 67502 %3

" S Sn.Si YXL,Ays  83:3a
e = _ _

- i T = = +1,2390
A LA A 6.715a2 39
Ixgxg = 2.0340* +2.085a* = 4.119a*
lyeye = 5.201a* 4 0.160a* = 5.361a*
Ixgyg = 0.125a* + 0.718a* = +0.843a"
1 21 1 2 x (40.843a* )
9= Larctan 20e 1oy, 22 (108D +26.8° (counterclockwise)
2 lyeys — Ixgxg 2 5.361a% — 4.119a%
1 1
le.In = 5(’XGXG + lysys) = 5\/(’y5y5 — Ixgxg)? + blxgys? = . . . = 4.740a* £ 1.047a%
so that le = 3.6930*
I, = 5.787a%
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PHYSICAL DIMENSIONS

Parameter Physical dimension Sl unit
X6 Ve L m
A L2 m?2
Sx» Sy L3 m3
IXX] Iyy, Ixy L4 ml'
Ixsxsr lysyer Ixsyer les In L* m*
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