
BEAM THEORY – Tangential stress due to shear
Structural Mechanics

The ERAMCA Project

Environmental Risk Assessment and Mitigation on Cultural Heritage assets in Central Asia

v2022317

This work is licensed under a Creative Commons “Attribution-ShareAlike 4.0 International” license.

https://www.eramca.com/
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en


Table of Contents

Lecturer/students objectives

Introduction

Bending and shear

Shear center

1



Lecturer/students objectives



Lecturer/students objectives

� Present the tangential stress (shear) calculation shear for beams.
� Understand the hypotheses, distinguish the di�erent loading condition and

apply the proper solutions.
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Introduction



Warning

Throughout the slides. . .
. . . the principal centroidal axes,
labeled as (x, y) instead of (ξ, η), are
used!

It should be noted that. . .
. . . bending and shear are coupled.
From beam theory, it is:

Ty(z) =
dMx(z)

dz

G
x=ξ

y=η

x=ξ, y=η: principal
centroidal axes
(Sx=Sy=Ixy=0)
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Equivalence between stresses and internal forces

Nz =
∫
A
σzdA

Tx =
∫
A
τzxdA

Ty =
∫
A
τzydA

Mx =

∫
A
σzydA

My = −
∫
A
σzxdA

Mz =

∫
A
(τzyx − τzxy)dA

Gz

σz τzx

τzy

x=ξ

y=η

dA
x

y
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Bending and shear



Bending and shear
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Bending, shear and twisting couple
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Normal force and direct shear (rivets)
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Symmetric shear – stress calculation model

G

σz+(dσz/dz)dz

σz

dz
z z

A

A B

τzs

B

s

CD

CD

x=ξ

y=η

τsz

A'

t

A

τzs(t)

B
τzs

The equilibrium along z axis of the element of area A′ gives:∫
A′

Å
−σz + σz +

dσz
dz

dz
ã

dA′︸ ︷︷ ︸
Integral #1

−
∫
ABCD

τsz(t) dt dz︸ ︷︷ ︸
Integral #2

= 0
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Symmetric shear – stress calculation (1/2)

Integral #1, taking into account that shear is always present together with
bending moment (recall that Ty = dMx

dz ):

dσz
dz

=
d
dz

ÅMxy
Ix

ã
=
y
Ix

dMx

dz
=
y
Ix
Ty∫

A′

Å y
Ix
Ty
ã

dz dA′ = Ty
Ix

dz
∫
A′
ydA′ = Ty

Ix
dz SA′x

Integral #2 (τ sz is the average value along t!):∫
ABCD

τsz(t) dt dz = τ szdz
∫
AB

dt = τ sz dz AB
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Symmetric shear – stress calculation (2/2)

and, dividing by dz:

τ sz =
Ty SA

′
x

Ix AB
(Jourawski o Žuravskij’s formula)

Deformation due to shear

γy = ty
Ty
GA

Coe�cient ty depends upon the shape of the
cross section (6/5 for a rectangular cross
section and 4/3 for a circular cross section)

dv

dz

z

y

ϒy

Ty

Ty
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Rectangular cross section (1/2)

b

h
x=ξ

y=η

y

h/2-y

3Ty/(2A)

G

Ty

A'
h/4+y/2

τzy

τzy(y)

BA

The first moment of the area A′ = b
Ä
h
2 − y

ä
is:

SA′x = +A′
Åh

4
+
y
2

ã
= +b

Åh
2
− y
ãÅh

4
+
y
2

ã
= +

b
2

Åh2

4
− y2
ã
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Rectangular cross section (2/2)

a parabolic shape of the stress distribution is obtained:

τyz(y) =
Ty SA

′
x

Ix AB
=
Ty
î
+b

2

Ä
h2

4 − y
2
äóÄ

bh3
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ä
(b)

= +
6Ty
bh3

Åh2

4
− y2
ã

The maximum value is reached for y = 0:

τyz,max = τyz(y = 0) = 3
2
Ty
bh

=
3
2
Ty
A

while, for y = ±h
2 the shear stresses are equal to zero.

The positive sign of shear stress. . .
. . . means stresses directed toward the area A′ through the line AB
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Shape of the shear stresses diagram

G
G

CT

CT

G=CT

G=CT

Ty Ty

Ty Ty

G

Ty

G CT

Ty

CT

x=ξ

y=η

x=ξ

y=η

x=ξ

y=η y=η y=η

x=ξ x=ξ

x=ξ

y=η
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Shear center



Shear center (1/5)

The line of action of the resultant of the shear stresses does not pass through the centroid G but through 
the shear center CT

• Equivalence in the horizontal direction: verified
• Equivalence in the vertical direction =⇒ Ry = Ty

• TEquivalence in terms of moments Ty ex = Rx d + Ry 0 =⇒ ex = Rx
y
d

G CT
x=ξ

Ty

G CT CT

y=η

x=ξ

y=η

Ty
Ry

exd

Rx

Rx

Rx

Rx Ry

?

It is noticed that a force. . .
. . . applied to the shear center gives bending without torque
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Shear center – experiments (2/5)
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Shear center – experiments (3/5)
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Shear center – experiments (4/5)
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Shear center – experiments (5/5)
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Stress calculation (1/2)

The stresses due to a shear force applied on a line not passing through the shear
center CT is calculated adding, for each point, the stress due to:

• shear Ty (Jourawski’s formula)
• twisting couple Mz,CT = Ty(dG + ex), calculated with respect to the shear

center CT

In the example above. . .
. . . the stresses due to Mz,CT will be calculated with the equations valid for the
thin-walled open members (see the slides about stresses due to twisting
couple)
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http://it.wikipedia.org/wiki/Dimitrii_Ivanovich_Jourawski


Stress calculation (2/2)

G CTx=ξ

Ty

y=η
G CT

x=ξ

y=ηMz=Ty(dG+ex)

= +

dG ex

Twisting
couple

G CT
x=ξ

y=η Shear

Ty
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Note

• Shear forces Tj are positive when directed along the positive direction of the
axis j (j is one of the principal axis x, y).

• The sign of shear stresses is determined by the sign of the first moment of
the area SA′j and from the sign of Tj. They are positive if directed toward the
area A′.
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